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The matching polynomial of the rotagraph UM with M monomer units and one linking edge 
between the units is considered, with particular attention paid to its zeros. It has been found that 
the matching spectrum of an infinite rotagraph has, like its characteristic spectrum, a band-like 
structure. The factorization of the matching polynomial of UM has been derived, the result being 
fully analogous to the factorization of the corresponding characteristic polynomial. These results 
can be used for quick and easy evaluation of the matching spectrum of infinite and finite UM of 
any size. For a certain class of UM, having an acyclic monomer unit, the matching and the 
characteristic bands coincide. The matching and the characteristic bands of some particular 
rotagraphs are evaluated. 

Introduction 

A rotagraph UM is a convenient ma themat i ca l 
object to represent a regular conjugated po lymer 
closed on itself [1]. It consists of M repeat ing units 
which are pairwise connected in the same manner . 

The electronic HMO-energies of UM are deter-
mined by the zeros of the characterist ic po lynomia l 
Ü M ( x ) . They form the characterist ic spec t rum 
Sp ( U M ) of UM- The cyclic symmetry of UM enables 
the factorization of ÜM(x) into M po lynomials of 
the order n, where n stands for the n u m b e r of 
vertices (conjugated centers) of the m o n o m e r unit. 
The y'-th factor is associated with the i r reducible 
representation r , of the cyclic g roup C M and con-
tains parametrically the character cöj = exp (/ Öj) of 
r r where Öj = 2 j n/M, j = 0, 1, 2 , . . . , M - 1, and 
i = Y~ 1. The zeros of the / - factor of 0M(x) are 
denoted by Jv, (6,), x2 (0,) xn {Öj). 

When M goes to infinity, 6, is no longer a discrete 
parameter but a cont inuous var iable Ö within the 
range 0^9 <2n. Consequently the zeros xk (dj), 
with a given k, merge to the Ar-th electronic (or 
characteristic) band x k = x k ( 9 ) . 

The method is well known in solid state physics 
and has been already used in the study of con-
jugated polymers [2, 3]. 

Reprint requests to Dr. Ante Graovac, Institute "Ruejer 
Boskovic" P.O.B. 1016. 41001 Zagreb. Croatia, Yugoslavia. 

Another polynomial of interest in chemist ry is the 
matching polynomial [4], The term acyclic poly-
nomial is also used by some authors [4], The set of 
zeros of the matching polynomial UM{x) is denoted 
by Sp(UM). Some part icular results on the match ing 
spectrum S p ( U M ) of rotagraphs have been presented 
in the literature [5 -7] , Until now no systematical 
effort has been made to treat Sp(£/ W ) . Namely , the 
cyclic symmetry of the Hamil tonian matr ix of the 
rotagraph. which enables the factorization of ÜM{.v), 
cannot be used in the t reatment of the match ing 
polynomial UM(x) because the ma tch ing polyno-
mial is not the characteristic polynomial of any 
interaction matrix, but is rather de f ined as a purely 
combinatorial object. Regardless of this fact, we 
show in the present paper that the match ing poly-
nomial of a rotagraph with / = 1, whe re / denotes 
the number of linking edges (bonds) between the 
monomer units, can also be factorized into M factors. 

The method is based on the recently established 
recurrence relations for the matching polynomial of 
rotagraphs [8]. All of these M factors are of the 
same form which depends on the match ing poly-
nomials of the monomer unit and its certain sub-
graphs. The factors include the pa rame te r 0j = 
(2j + 1) n/2 M, y = 0, 1 M— 1, which formal ly 
resembles Öj. The zeros of the y'-th factor are denoted 
by -V| ( 0 / ) , x 2 ( d j ) x n ( O j ) . 

When M goes to infinity, dj becomes a cont inuous 
variable 9 within the range 0 < 6 < n. The re fo re the 
zeros x k ( 0 j ) , with a given k, give rise to a conti-
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nuous function xk = xk(0). We call it, by an analogy 
with the previous considerations, the Ar-th match ing 
band of an infinite ro tagraph UM. Note that the 
Grange is the half of the fJ-range. 

Method 

The rotagraph UM with / = 1 and its repeat ing 
monomer unit A is schematical ly depicted below. 
The vertices .9 and r denote the linking sites. 
Further, we introduce the notat ion: 

Scheme 1. M 

y. = A, g = Ar, a = As, and 3 = As-r, where A 
denotes the subgraph obta ined by delet ion of the 
vertices u, v , . . . (together with their incident edges) 
out f rom A. The characterist ic and matching poly-
nomials of any graph G are denoted by G (.v) and 
G(A), respectively. 

The matching polynomial UM(A) can be ex-
pressed as [8] 

UM(x) = tr(TM), (1) 

where tr stands for the trace, and the polynomial 
matrix T is given by 

T = 
y (a) - a (.v) 

[Q(X) - B ( A) 
(2) 

The characteristic polynomial &(T,/.) of T is de-
fined by 

0(T, k) = d e t ( A / - T) = a2 - j, A + j2 , (3) 

where / is the unit matr ix of the order 2. T h e coef-
ficients of <P(T, A) are easily evaluated: 

The initial conditions read as follows: 

U0(x) = 2, Ui(x) = sl. (6) 

As it is known from linear algebra, a re la t ionship 
exists between the trace of a power of a matr ix and 
the zeros of its characteristic polynomial [9], Having 
this in mind, (1) can be rewritten as 

U M ( A) = ; . F + ; . R 

where 

= -
± jIs] - 4 s2 

(7) 

(8) 

are the zeros of A), (3). Let us remind that A, 
and /„2 are functions of A. 

Equations (7) and (8) could be also der ived by 
using the theory of l inear recursions [10], but the 
presented derivation appears to be s impler . 

Owing to the recently established inequal i ty [11] 

S2 - Q (A) G (A) - a (A) S (A) 

= Z [Ap<*'>(x)f* 0, 
P(s, r) 

(9) 

values which /., and k2 may assume have a part ic-
ular property. P(s,r) denotes a path (not walk!) 
starting in the vertex 5 and ending in the vertex r of 
the monomer unit graph A, while the symbol in 
square brackets means the matching polynomia l of 
the subgraph obtained by delet ion of the pa th 
P(s, /•) out f rom A. A simple considera t ion of the 
parabola on the r.h.s. of (3), taking into account 
s2 ^ 0, shows that the real values of and A2 are 
both non-negative or both non-posit ive. This prop-
erty allows us to treat 2 in a very convenient way. 

Taking s2 > 0, three possibilities arise: a) < 4 s 2 , 
/.\ 2 are complex conjugate numbers ; b) s2 > 4s2 and 
51 > 0, /.] 2 a r e both real and posi t ive; c) s2 > 4s2 

and st < 0, k\_2 are both real and negat ive numbers . 
One can easily verify that in all three cases k \ t 2 can 
be expressed as 

/.i ,2= R e ± / 0 , R = Vs2, cos 6 = 
s 1 

2 f T 2 

5, = 3((A) - S (A) , s2 = o (A) a (A) - A (A) b (A) ; (4) with the following values for 

they are real functions for all A. 
By applying the Cayley-Hamil ton t heo rem: 

(p(T, 7) = 0, the following recursion fo rmula for 
UM(x) has been derived [8]: 

si 

UM{A) - UM-1 (A) 

+ s2UM-2(x) = 0, (5) 

a) 0 e R , cos () = • r - , 
2 Y S2 

b) 0 = ii//, y/ e R , cos 6 = ch 1// = 

c) 6 = n + /' 1//, yj G R , 

cos 6 = - ch y/ = 

s\ 
2f72 

21 rv 2 ' 

(10) 

(11) 

(12) 

(13) 
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Equation (7) can be now rewritten as 

U M ( x ) = tf = 2 - RmCOSM9 . ( 1 4 ) 

Using the identity 
M-I 

cos MO = 2M-1 X ( c o s 0 ~ cos di) > 
7 = 0 

Oj = (2/ + 1) /r/2 M (15) 

we obtain 
M- 1 

UM(.v) = X 2 R (cos 9 - cos Oj) . (16) 
7 = 0 

Substitution of R and cos 9 according to (10) finally 
gives 

M-I 
^M(-V) = X Oi ~ 2 fs~2 cos dj) , 

7 = 0 

Oj = (2/ + 1) n/2 M. (17) 

Until now we have taken s2 > 0. Putt ing s2 = 0 in (8) 
gives /.] = .?i and /.2 = 0, and f rom (7) UM(x) = s^. 
Because the same result is reproduced by (17), we 
conclude that the factorized expression (17) for 
UM(x) holds generally, in full formal analogy with 
the factorization of ÜM(x). Namely , following [1], 
ÜM(x) can be factorized also: 

M- 1 
ÜM(X) = X [5 (-v) — <5(.Y) (18) 

7 = 0 

- 2 }'/rö(A-)ä(A-)-ä(.V)r)(A-) COS Oj] , 

where Öj = 2 jn/M. Taking by analogy 

( A ) - <5 (A ) and 

52 = g(A)a(A-)-5(A-)^(A-) , (19) 

where s2 is a non-negative quanti ty [8] too, one ob-
tains the factorization for ÜM(x): 

M- 1 
ÜM(x) = X ~~ 2-Vh cos Oj) (20) 

7 = 0 

having completely the same form as one derived for 
UM{x) in (17). 

By equating each of the factors in (17) with zero: 

5| — 2 cos Oj = 0 , 7 = 0, 1 , . . . , M - 1 (21) 

and solving them in .v, one obtains the matching 
spectrum Sp (UM) of a rotagraph U M . 

Some particular zeros of the S p ( t / V ) should be 
noted from the above equation. XQ , which is zero of 

both si and appears in the S p ( U M ) with M-fold 
degeneracy, for any M. Fur ther , for M=2m+ 1, 
9m = 7i/2, the cosine term in (21) vanishes, and all 
the zeros of 5, appear in S p ( U M ) . Because j j = Ux (.y), 
(6), S p ( U M ) contains S p ( t / , ) whenever M is odd. 

Let us consider an infinite ro tagraph. The discrete 
0j parameter becomes a continuous pa ramete r 9 and 
the matching spectrum of UM, M oo, is obta ined 
by solving in x the equation 

5 , - 2 lAŝ  cos 0 = 0 , (22) 

where the allowed values of 0 (0 < 9 < n) cover 
half of the first Brillouin zone (0 ^ 9 < 2k). In full 
analogy with the treatment of the characterist ic 
bands of UM, M -*• oo, we interprete the £-th zero 
of (22), xk = xk(0), 0 < 0 < n, as the A:-th matching 
band of an infinite rotagraph. 

Before proceeding to the next section, where some 
examples are calculated, let us note that the match-
ing bands of a given rotagraph generally differ f r om 
its characteristic bands. However, there exists a 
class of rotagraphs, we denote it by W, such that 
both the matching and the characteris t ic bands of 
U M e W have the same functional dependence on 
the ^-parameter. The class W contains ro tagraphs 
with / = 1 for which the repeat ing unit A is re-
presented by an acyclic graph, i.e. by a graph 
having no cycles. Consequently, the matching and 
the characteristic polynomials of A and its sub-
graphs coincide: i = A (A) = Ä(x), q = Ar(x) = Ar(x), 
a = As (x) = Ä ( A ) , and S = A5-r (x) = A^r {x). Tak-
ing (4) and (19) into account, expressions (17), for 
UM(x), and (20), for ÜM(x), coincide up to the 0j 
and 9j values. In the case of an inf ini te ro tagraph 
UM e W, M-*• oo, both the matching and the char-
acteristic bands are determined by the same equa-
tion (22), i.e. both have the same funct ional depen-
dence on the ^-parameter. The earl ier comments 
on the range of this parameter apply also here, but 
one should note that the characterist ic bands in the 
interval n < 9 < 2n have the same values as in the 
interval 0 < 9 < n, owing to the periodicity of the 
cosine function. Because the match ing bands re-
present the same number of spectral values in the 
interval which is half of the Ö interval, their density 
is doubled in comparison with the density of the 
characteristic bands, which appl ies not only to 
UM e W but to any UM. As the result, the matching 
and the characteristic spectra of the infinite rota-
graphs, having acyclic monomer units and with 
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/ = 1, fully coincide. This result should not be 
strange, because due to the presence of only one 
cycle in such an U M , the corresponding polynomials 
0M(x) and UM(x) d i f fer always only by 2. Ob-
viously, this difference becomes meaningless for an 
infinite M. 

Calculations 

Example 1. Let us illustrate the p rocedure on the 
simple example of [A/]-annulene, where the mono-
mer unit is an isolated vertex. As A (.V) = A, Q (A) = 
<T(A)= 1 and (5(A) = 0 in this case, the appl ica t ion 
of (17) and (21) s t ra ightforwardly yields the known 
results for the matching spec t rum of [M]-annulene 
[5,7]: 

(2 / + 1)71 
A; = 2 • cos , j=0, 1 , . . . , M - 1 . (23) 

2M 

For an infinite annulene only one match ing band 
appears, and it follows (22) that 

A , ( 0 ) = 2 - C O S 0 , O < 0 < T T . (24) 

As [M]-annulene belongs to the class W of rota-
graphs, (21) and (22) apply again, and the known 
results for the characterist ic spec t rum of [A/]-an-
nulene are reproduced [12]: 

Xj = 2 • cos , / = 0 , l , . . . , M - 1 . (25) 
M 

Only one characteristic band exists for M -» oo, and 
it is given by 

Ä, (0) = 2 • cos 0 , 0 0 < 2 it. (26) 

Example 2. Let UM represents ,s-vinyl[2 A/]-annulene 
[6]. It is depicted below together with its m o n o m e r 
unit A. 

The polynomials we need are: 

A (A) = P 4 (A) = P , ( V) , G (A) = P 3 ( V) = P 3 (A) , 

a ( x ) = P i (A) P x (A) = P 2 ( A ) P x (A) and 

B ( V) = P2 (A) = P i (A) , 

where P„ denotes the chain with n vertices. Ac-
cordingly, one obtains sx = A4 - 4 A2 + 2, S2 = (A2 - 1 )2, 
and the application of (17) yields 

A4 - 2 ( 2 + cos 0,) x2 + 2 (1 + cos 0j) = 0 , 

, {2j+\)n 
(27) 

The matching spectrum is therefore given by 

Sp ( U M ) = {+ [2 + cos 0j (28) 

± (cos20j + 2 cos 0j + 2)y2]l/2 

0j = (2 j + 1) n/2M,j = 0 , 1 , . . . , M- 1}. 

The above result has already been der ived in the 
literature [6, 13], but by use of a completely d i f fe r -
ent argumentation. 

Because U M e W , the characterist ic spec t rum 
Sp (U M ) is also given by (28), but 0/ has to be sub-
stituted by 0j — 2jn/M, j = 0, I,..., M— 1. T h e re-
sult is also known in the l i terature [6, 14]. 

For an infinite 5-vinyl[2 A/]annulene the fol lowing 
four matching bands appear : 

A, (0) = [2 + cos 0 + (cos20 + 2 cos 0 + 2) 1 / 2 ] 1 / 2 , 

A2 (0) = [2 + cos 0 - (cos2 0 + 2 cos 0 + 2) 1 / 2 ] 1 / 2 , (29) 

A*3 (0) = - A2 (0), A*4 (0) = - X, (0) , 0 < 0 < n . 

Four characteristic bands of an infini te s-vinyl[2 M]-
annulene are also given by (29), but 0 has to be 
replaced by 0, 0 ^ 0 < 2 n. 

In the following examples UM $ W and the match-
ing and the characteristic bands do not coincide. In 
each example the zeros of (22) are evaluated and 
depicted vs. 0. For the compar i son the character is t ic 
bands are drawn on the same figures. T h e wid ths of 
the matching and the characterist ic bands are 
marked by the dashed areas on the left and the 
right side of the drawings, respectively. T h e n u m e r -
ical values of the bounds of bands are indicated too. 

Example 3. Let UM represent poly-/?-cyclobutadiene. 
Equation (22) reads now as follows: 

Scheme 2. U M A = P, (A4 - 5 A2 + 2) - 2 ][2x cos 0 — 0 . (30) 
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0 4 1 4 2 

2 .4142 

Fig. 1. The matching (full line) and the characteristic (dashed line) bands of poly-p-cyclobutadiene. 

Fig. 2. The matching (full line) and the characteristic (dashed line) bands of poly-o-phenylene. 
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It enables the evaluation of the matching bands of 
UM. They are shown on Fig. 1 together with the 
characteristic bands of UM. 

Examples 4, 5 and 6. In these examples the match-
ing bands for poly-o-phenylene (Fig. 2), poly-
m-phenylene (Fig. 3), and poly-p-phenylene (Fig. 4) 
are evaluated by the calculation of A-zeros of the 
respective equations: 

poly-o-phenylene: 

.Y6 — 7 A'4 + 1 2 A 2 - 3 

- 2 ]/(A4 - 3 A2 + l)2 + 1 cos 0 = 0 , (31) 

poly-m-phenylene: 

A6 - 7 A4 + 11 A2 - 2 

- 2 A V(A2 - 2)2 + 1 cos 0 = 0, (32) 

poly-p-phenylene: 

A6 - 7 A4 + 11 A2 - 3 - 2 ]/2 (A2 - 1) cos 0 = 0 . (33) 

Conclusion 

In this paper we have shown that the match ing 
spectrum of an infinite rotagraph, with 1 = 1 , has a 

band-like structure as is the case with its charac-
teristic spectrum. Moreover, the matching poly-
nomial of U M can be factorized in full analogy with 
the factorization of the characterist ic polynomial 
of UM . These results can be used for the evaluat ion 
of the matching spectrum of both f ini te and in-
finite rotagraphs. 

Although we considered ro tagraphs with only one 
linking edge between the m o n o m e r units ( / = 1 ) , 
the matching band-l ike structures are expected also 
for the rotagraphs with h igher /. Some pre l iminary 
calculations on systems with / = 2 suppor t this 
expectation, but the factorizat ion of the match ing 
polynomial appears to be m u c h more di f f icul t to 
derive. Work on this subject is in progress. 
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